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Abstract 

An enhanced binding of N-relativistic particles coupled to a massless scalar 
bose field is investigated. It is not assumed that the system has a ground state 
for the zero-coupling. It is shown, however, that there exists a ground state for 
sufficiently large coupling. The proof is based on checking the stability condition 
and showing a uniform exponential decay of infrared regularized ground states. 



1 Preliminaries 



1.1 Introduction 

Non-perturbative analysis of perturbation of eigenvalues embedded in the continuous 
spectrum has been developed in the last decade and has been applied to the mathemat- 
ical rigorous analysis of Hamiltonians in quantum field theory. Among other things, 
stability and instability of quantum mechanical particle coupled to quantum fields have 
been investigated from mathematical point of view. In the previous paper |HS08] en- 
hanced binding is shown for the system of iV-nonrelativistic particles linearly coupled 
to a massless scalar bose field. This paper is then a continuation of |HS08j and we 
consider a relativistic version. A quantum system of Schrodinger particles linearly 
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coupled to a scalar bose field is the so-called Nelson model |Nel64] . In this paper re- 
placing the Schrodinger particles with relativistic ones, we shall show the existence of 
a ground state without assuming the existence of ground state of the zero-coupling 
Hamiltonian. From purely mathematical point of view, this problem can be regarded 
as the spectral analysis of a nonlocal operator coupled to a Gaussian random variables, 
or non-perturbative analysis of eigenvalues of nonlocal operator, which is embedded in 
the continuous spectrum. 

The existence of the ground state of the standard Nelson Hamiltonian was proven in 
e.g., |BFS98t [Spo98[ IGerOOt ISas05] under some conditions. The most basic assumptions 



for proving the existence of a ground state are both 

(1) infrared regular condition, 

(2) the existence of ground state of the zero-coupling Hamiltonian. 

On the contrary the enhanced binding is the phenomena such that iV-particles are 
bound whenever a sufficiently strong coupling to a scalar bose field is turned on, and 
a ground state appears whether the zero-coupling Hamiltonian has ground state or 
not. In the intuitive level we can expect that the strong coupling derives attractive 
effective pair-potentials among particles, under which iV-particles are bound and the 
total system has a ground state. 

In this paper we consider the Hamiltonian of the form 

(1.1) H v = H + kH 1 . 

The operator Hq = Hq(k) describes the zero coupling Hamiltonian and is given by 

N 

H = Y^ (y _A ? +m i - m i + V ( x j)) + k 2 H u 

3=1 

where rrij > is the mass of the j-th particle, V(x) an external potential, iff the free 
field Hamiltonian, and k > denotes a scaling parameter. The operator Hi describes 
a particle-boson linear interaction. We notice that there are no pair potentials in 
H v and V is assumed to be independent of j for simplicity. Introducing a dressing 
transformation e lT to derive an effective potential V e s, we transform H v as 

(1.2) e~ lT H v e T = h v cS + k 2 H { + H r (k), 
where h^ s is the effective particle Hamiltonian given by 

JV 



'1.3) h^ s = (\J~ A 3 + m ) ~ m 3 + y(xj)) +V eS (x 1 ,...,x N ) 

3=1 
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and Hr(k) a remainder term to be regarded as a perturbation of h^ s + n 2 H{. Com- 
pensating for deriving V e g through the dressing transformation, we have the remainder 
term Hr(k) which is unfortunately no longer linear and is the complicated form: 




where Aj denotes some quantum vector field. Nevertheless it turns to be a small 
perturbation for sufficiently large k in some sense. 

We are interested in the existence of a ground state of H v , equivalently that of 
e~ lT H v e lT . We do not however assume the existence of ground states of H . As will 
be shown below, the enhanced binding is well grasped by the transformed Hamiltonian 
( II. 2p rather than H v itself. Since we consider a massless boson, the bottom of the 
spectrum of H is the edge of the continuous spectrum and the regular perturbation 
is not applied. Then it is not clear whether e~ lT H v e lT has a ground state even when 
htff has a ground state. 

The conventional approach is to assume an infrared cutoff in the form factor A in 
Hi by setting X(k)\\k\ >a , H v with cutoff A|~|fc| >cr is denoted by and to show the 
existence of a ground state <E> CT of . The vector $ CT is called an infrared-regularized 
ground state. Then one is left to show that the sequence of ground states $ CT has a 
non-zero weak limit $ as a — > 0, which is the desired ground state of H . We show in 
this paper: 

(A) the stability condition for H v is satisfied (Lemma 13. ip . 

(B) infrared-regularized ground states $ CT has exponential decay uniformly with re- 
spect to the infrared cutoff parameter a (Lemma 13 . 8j) , 

(C) we prove that (1) stability condition and (2) exponential decay imply the existence 
of a ground state of H v (Appendix IA~]) . 

(D) we show that for an arbitrary fixed k large enough, there exists a c {n) > such 
that for a with a c < \a\ < a c (n), H has a ground state (Theorem 12. 2p . Here a c 
is given by V and cutoff functions, and note that when H p has no ground state, 
Hq(k) = Hp + kH{ has also no ground state for arbitrary k > 0. 

We explain more technical improvement of this paper. 

(Reduction to the stability condition of h\) The stability condition is intro- 
duced in |GLL01] to show the existence of ground state of the non-relativistic quantum 
electrodynamics. The key ingredient is that we reduce the stability condition of H v to 
that of h^g in Lemma 13.11 Namely we show that the stability condition of h^ s implies 
that of H v . These are proven by energy comparison inequality derived by functional 
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integration of the heat semigroup generated by (ll.2p (Lemma 13. 2j) and a simple vari- 
ation principle (Lemma I3.3p . hence we focus on showing the stability condition on 

(Uniform exponential localization by functional integrations) Our method 
is a minor but nontrivial modification of [HS08j and a mixture of |Ger00t iGLLOlj . We 
do not assume the compactness condition on particle Hamiltonian, which is entered 
in |GerOO] . Instead of this we show an exponential localization of infrared-regularized 
ground states, H^o-^Hj? < C^e -5 '^, which is derived through functional integrations in 
Lemma \3. 81 The crucial point is to show that this localization is uniform on a > 0,i.e., 
Cs and S are independent of a > 0. 

(Scaling parameter) The scaling parameter introduced in this paper can be ob- 
tained by replacing the annihilation operator a and the creation operator a* with na 
and na*, respectively. This scaling is the so-called weak coupling limit |Dav77t [Dav79j . 
Roughly speaking at least in the nonrelativistic domain H p = -^A + V, and then 

H v = k 2 (k~ 2 H p + Hf + k^Hx) 

with 

Thus our result may be interpreted that enhanced binding of H v occurs when suf- 
ficiently heavy particle mass and shallow external potential are assumed. Alternate 
explanation of the scaling parameter is the tool to derive a Markov process from e~ mV . 
Although the scalar product (/ £g> Q, e~ tH g ® does not define a Markov process, 
(/, e~ t( - hcfI ~ Edi ^g) does with generator h c g — E^ iaig . This can be obtained by the scaling 
limit: 

(/ ® n, e~ tHV g <8> n) -»■ (/, e - tih ^- Edi ^g) 

as k — y co. 

Finally we give some comments on related works on enhanced binding. The en- 
hanced binding is studied so far for the various kind of models in quantum field theory. 
In |HS01] the enhanced binding of the Pauli-Fierz model with the dipole approxi- 
mation is studied. In jHSSll] a complement result of |HS01] is established, i.e., the 
absence of ground state for sufficiently small coupling constant is shown. See also 
|AK03l IBLVl IBV041 ICEHl ICVV031 IHVV03] for the related works. Furthermore since 
our Hamiltonian (jl.2p has a similar form of the semi-relativistic Pauli-Fierz model 
[Hirllj . it can be expected that our method can be also applied to show the existence 
of ground state of the semi-relativistic Pauli-Fierz model. 

The organization of this paper is as follows. 

In the remainder of Section 1 we define the Nelson model with a relativistic kinetic 
term, and introduce a scaling parameter k > 0. 

In Section 2 we introduce a dressing transformation, and mention the stability 
condition and uniform exponential decay of $ CT (x). 
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In Section 3 we prove the stability condition in Section 3.1 and uniform exponential 
decay in Section 3.2, and in Section 3.3 we show the enhanced binding. 

In Appendix |A] we show that the relativistic version of the stability condition also 
implies the existence of the ground state. 

In Appendix |B] we review fundamental properties of the bottom of the essential 
spectrum of relativistic Schrodinger operator. 

In Appendix O we give the functional integral representation of e~ tH and show 
some inequality used in the proof of exponential decay of infrared regularized ground 
states. 

In Appendix [D] we derive some energy comparison inequality of the translation 
invariant Hamiltonian Yl^ii^/ ~ A? + 171 j ~ 771 j + 

1.2 Definition 

We begin with giving the definition of the Nelson model with iV-relativistic particles. 
Throughout we assume N > 2 and the dimension of state space is d > 3. The Nelson 
model can be realized as a self-adjoint operator on the tensor product of L 2 (M. dN ) and 
the boson Fock space & over L 2 (IR d ), 

(1.4) = L 2 (R dN ) 

Here & is defined by & = ©^Lo^sym^X where L l y m( Rdn ) is the set of square 
integrable functions such that *&(xi,--- ,x n ) = ^(x^i), • ■ ■ , x a ( n )) for any n-degree 
permutation a. Vector ^ e & is written as * = {\l> (ri) }^L with \I> (n) e L 2 ym (R d ), and 
the Fock vacuum Q e & is defined by Q = {1, 0, 0, . . .}. a(f) and a*(f), f e L 2 (R d ), 
denote the annihilation operator and the creation operator in respectively. They 
satisfy canonical commutation relations: 

(1.5) [«(/), a* (</)] = (f,g)t, [a(f),a(g)] = 0=[a*(f),a*(g)] 

and the adjoint relation a*(f ) = (a(f))* holds. Throughout this paper (F, G)/c denotes 
the scalar product on Hilbert space /C, which is linear in G and antilinear in F. We omit 
K until confusions arises. We informally write as a # (/) = / a#(k)f(k)dk, a# = a, a*. 
The second quantization of the closed operator A on L 2 (M. d ) is denoted by dr(A). The 
free field Hamiltonian iff is the self-adjoint operator on j^, which is given by the second 
quantization of the multiplication operator u(k) = \k\ on L 2 (IR <i ): 

(1.6) H { = dV(u). 

Next we introduce iV-relativistic particles. We suppose that the iV-relativistic par- 
ticles are governed by the relativistic Schrodinger operator H p of the form: 

N 

(1.7) flp = X)( n i + ^) 
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on L 2 (R dN ), where 



Qj = &>j(pj) = \Jpj 2 + m 2 - rrij, 



is the j-th particle Hamiltonian with momentum pj = — iV Xj , rrij > 0, the mass of 
the j-th particle, and Vj = V(xj) denotes an external potential. Here we assume that 
there is no any pair interaction among particles for simplicity. 

The Nelson Hamiltonian with the relativistic kinetic term is then defined by 

(1.9) H v = H + kHj, 
where the zero-coupling Hamiltonian H is given by 

(1.10) H = H P ®1 + k 2 1® H f 

and k > a scaling parameter. Hi denotes the linear interaction given by 

N /•© 

(1.11) Hj = aY" / ^{xjjdX 

~[ JR dN 

under the identification: Jtf? = I ^dX, where dX = dx\ • ■ ■ dx^. Here a > is a 

JR dN 

coupling constant, and the scalar field 4>j(x) is given by 

(1.12) <f>j{x) = ^ 7 =( {a*(k)\,j(-k)e- lkx + a{k)\j{k)j kx )dk 

for each x G M, d with ultraviolet cutoff functions Xj. The standard choice of the 
ultraviolet cutoff is \j(k) = (27r)~ d//2 l|fc|<A/w(fc). In this paper we do not however fix 
any special cutoff function. 

Throughout we assume the following three conditions: 

(V) V(-A + iy 1/2 is compact. 
(UV) Xj(-k) = \j(k) > and Xj G L 2 (R d ) for j = 1, N. 
(IR) Xj/u G L 2 (R d ) for j = 1, N. 

Assumption (V) implies that V is infinitesimally small with respect to \/ — A + m 2 — m 
for all m > 0. Hence, by the Kato-Rellich theorem, H p is self-adjoint on D(Y^ =l Vtj) 

and essentially self-adjoint on any core for 52j=i^j"j w b ere D(A) denotes the domain 
of A. (UV) implies that Hj is symmetric. Then (V), (UV) and (IR) also imply that, 
for arbitrary a G IR and e > 0, it holds that 

||#i*|| < e||flo*|| + 6 e ||*||, * e D(H ). 

Therefore, by the Kato-Rellich theorem, H v is self-adjoint on D(Hq) for all k > 0. 
Finally the nonnegativity Xj(k) > in (UV) is used in Lemma [3. 101 
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2 Existence of a ground state 
2.1 Dressing transformation 

To derive the effective particle Hamiltonian we introduce the so-called dressing trans- 
formation e~* T , where T = - V" ■ , 7r,- and 



u(k) oo(k) 

By (IR), 7Tj is self-adjoint on J$f and then T is unitary. 

Lemma 2.1 TTie unitary operator e tT maps D(H V ) onto itself and 

(2.1) e~ iT H v e iT = h v cE ®1 + kH®H { + H r (k), 
where the effective Hamiltonian is defined by 

N 

(2.2) hXa = + ^) + ^e, 

3=1 

with the effective pair potential 

(2.3) V cS = a 2 Wij{xi-Xj), 

l<i<j<N 

(2.4) W i3 \x) = - I Xli ' k ^Y k) e- ikx dk. 



Here Hr(k) is the remainder term given by 

N 



/ 2 \ 

i=i ^ ' 



mt/i a vector field 



Proof: We directly see that 

e~ iT pje iT = pj + —Aj, 



K 

N 



e- iT ^ T = ^- - - Y I Xi(k) y- k) e- ik ^dk, 
3 3 Kj^J Rd u(k) 

e^ T H f e* T = H i --H l + ^-y [ U ~ k ^ {k) e-^-^dk. 
k 2k 2 f-r? J Rd Lo(k) 
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Together with them, the lemma follows. ■ 

(UV) and (IR) imply that V e g is bounded. Therefore is a self-adjoint operator 
on D(^2^ =1 fij). For notational convenience we set 

2 N 

(2-5) ^dia g = y^||A,/v^H 2 . 

3=1 

2.2 Main results 

We state the main results in this paper. 

Theorem 2.2 (Existence of ground state) Assume (V), (UV) and (IR). We sup- 
pose that there exists a c > such that inf a(H^ a ) G a^ sc (H^) for all \a\ > a c , we 
fix a sufficiently large n > 0. Then there exists < a c (n) such that for a with 
a c < \a\ < a c (n), H v has the ground state and it is unique. 

Theorem 12.21 gives an example of the enhanced binding. We introduce an assumption. 
(EN) (1) inf V(x) > -oo and liminf V(x) = 0; 

x£R d \x\— >oo 



(2) the operator y/—A + iV^ in L 2 (M. d ) has a negative energy ground state; 

(3) V is d-dimensional relativistic Kato-class, i.e., 

-t 



lim sup Ep 



V(X s )ds 



0. 



where Ep denotes the expectation on a probability space (D,B,P X ), and 
(X t )t>o denotes the ci-dimensional Levy process with the characteristic func- 
tion Ep[e* Uj ^'] = e~ t W u2 + m ' 2 ~ m ) Q iux 

We use (EN)(1) for showing spatial exponential decay of the infrared regularized ground 
state and (EN) (2) in (13.291) . (EN) (3) is used to show the continuity of ground state 
energy of a translation invariant Hamiltonian in Lemma 13.111 

Theorem 2.3 (Enhanced binding) Assume (V), (EN), (UV) and (IR). Fix a suf- 
ficiently large k > 0. Then there exist constants < a c < cx c (k) such that for a with 
a c < \a\ < ct c (n), H v has the ground state, and it is unique. 

Remark 2.4 In Theorem 12.31 we do not assume the existence of a ground state of H p , 
i.e., the zero-coupling Hamiltonian H does not necessarily have a ground state. 
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Example 2.5 We give examples of \/—A + 1 — 1 + V satisfying (V) and (EN), but 
\J — A + 1 — 1 + V has no ground state in the dimension d > 3. Suppose that V satisfies 
\V(x)\ < c(l + |x|)- e (c,e > 0). Then (V) is satisfied with V = 8V for all 8 > 0. Let 
V 0, V < and V G L d (M d ) n L d / 2 (M d ). Let <5 > be a sufficiently small constant 
and set 

(2.6) fl, = V-A + 1 -1 + 8V. 

Let £"(•) be the spectral measure of H§. By the relativistic version of the Lieb-Thirring 
bound |Dau83] . we have 

dimRan£((-oo, 0]) < c x [ \8V(x)\ d dx + c 2 I \8V(x)\ d/2 dx 

where c 1; C2 are constants. Hence H$ has no ground state for sufficiently small 8. Let 
N be sufficiently large. Then inf cr(\/— A + N8V) < but the bottom of the essential 
spectrum of a/— A + iVT) V is 0. Therefore a/— A + iV^V has a negative eigenvalue for 
sufficiently large TV. Thus a/— A + iV5V has a ground state. 



2.3 Stability condition and exponential decay 

In order to prove Theorems I2.2l and l2.3l we investigate the stability condition. First of all 
we introduce cluster Hamiltonians. Let Cjv = {1, 2, • • ■ , N}. For each (3 C Cn, (/3 ^ 0), 
we define 

(2.7) = ^(^j + Ka(t>j) + * 2 #f, 

ie/3 

(2.8) H V ((3) = H°((3) + J2V V 

acting on L 2 (R d W) <g> J^, where ^ = J®^, ^{x^dXp, X p = (zj) i6j9 . Clearly # y = 
H V (C N ). Let 

(2.9) E°C9) = inf a(H°C9)), £ y (/3) = inf a(tf y (/3)). 

For the case of /3 = 0, we set £ , °(0) = -E y (0) = 0. The lowest two cluster threshold is 
defined as the minimal energy of systems such that only the particles involved in (3 are 
bound by the origin but others are sufficiently remote from the origin. It is defined by 

(2.10) YX = mm{E v {f3) + E°{(3 c )\f3^C N } 

The gap between the ground state energy E v and the lowest two cluster threshold T, v 
is related to the existence of ground state by the proposition below. Let H„ be defined 
by H v with Xj replaced by Xj(k)l\k\>a- 
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Proposition 2.6 (Case a > 0) Suppose that E v < S . Then has the unique 
ground state. We denote the ground state by $ CT . 

(Case a = 0) Suppose that E v < T, v and there exists < 5 independent of a such 
that sup 0<(T<5 . ||(e 5 ' x ' (g) < oo with some a > 0. Then H v has a ground 

state. 

Proof: The proof is a minor modification of [GerOOt IGLLOlj , and it is given in Appendix 
lA.ll for the case a > 0, and in Appendix I A. 2 1 for the case a = 0. ■ 

The condition S y > E is called the stability condition. For our model the uniform 
exponential decay of ||$o-(x)||^ may be derived from the stability condition, but we 
do not check it. So we need not only stability condition but also uniform exponential 
decay. 



3 Proof of the main theorem 

In order to show Theorems 12.21 and 12.31 by Proposition 12.61 it is enough to show both 
(1) stability condition and (2) the uniform exponential decay of ||$ CT (a;)||jr. 



3.1 Stability condition 

It is however not straightforward to show the stability condition, so we will make a 
detour and the discussion will be reduced to that of effective particle Hamiltonian h^ s . 
Let us define the lowest two cluster threshold of h^ s in a similar way to H v and we 
shall compare it with H v . For (3 C Cjv, we define effective cluster Hamiltonians by 

(3.1) h° cS (P) = J2^-a 2 Yl W^x.-xj), 

jep i,jep,i<j 

(3-2) C(/3) = /4(£) + Z> 

J6/3 

We set 

(3.3) e°(J3) = Ma(h° cS (/?)), £ v ((3) = inf a{h v e M) 

and £ v = £ v (Cjv). Then the lowest two cluster threshold of ti^ s is defined by 

(3.4) E v = mm{£ v (P) + £°(p c )\P g C N }. 

Constants c v and d v are such that || Ef=i fi i*ll < c y ||^ ff *|| + d y ||^|| and set 

(3.5) g{t)= ^IIV^IIHAjj t 2 + (^\^m ] \\X J /uj\\ ) jt + V2N(c v \£ v \ + d v ). 
The next lemma is a key ingredient of this paper. 
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Lemma 3.1 We assume that "E v — S v > 0, and a and k satisfy — S v > Q[aj k). 
Then the stability condition S y — E v > holds. 



In order to prove Lemma 13.11 we prepare two lemmas. 
Lemma 3.2 For all C Cn, it follows that 

(3.6) E *(P)<£#(/3) + ^J2\\y^\\ 2 > # = ^ V - 

In particular it holds that S y < T, v + -Ediag- 

Proof: See Proposition IC.3I in Appendix O ■ 

Lemma 3.3 For all k > it follows that E v < S v + Q{a/ k) — E& mg , 

Proof: For arbitrary e > 0, we can choose a normalized vector v £ C^°{R dN ) such that 
|| (h% B - £ v )v\\ < e. Set * = v <g> ft. Then, by Lemma EH we have 



E v <£ v + e+ I tf, 



Since 7Tj commutes with pi, i ^ j, by setting Tj = gwTj/k, we can see that Af2j 
e~ lTj ttje' lTj — fij and 

| Afytf) | = | ((e ,T * - l)^,^e iT ^) + (*,%(e iT * - 1)*) |. 

Hence we have 

| Afij-*) | < • ll^e^^H + -IItt^H • Hfytf ||. 

The right-hand side above is identical with 



V2k 
Then we have 



2,tAV2 



(*,Afij-*)| < -^fXj/uW [2110^11 +2m y + — 111*1X^1 



y/2, 



and 



H 



i=1 V2k 



Y^—\\il"\ (c V (\£ V \ + e) + d v )-E, 



K 



diag- 
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Since e > is arbitrary, we prove the lemma. 

Proof of Lemma \3.1\ 

By Lemmas 13.21 and 13.31 we have 

(3.7) Tj V — E v > S v — S v — Qipi./ k) > 0. 

Then the lemma is proven. 



3.2 Exponential decays 

It is proven that the functional integration is a strong tool to show an exponential 
localization of bound state in quantum mechanics. That can be also applied in quantum 
field theory. 

Let (Xt)t>o — POS • • • j ^f V )t>o be the N independent <i-dimensional Levy processes 
on a probability space (T>, B, P x ), x G M. dN , with the characteristic function 



(3.8) E° P [e- iu - Xt ] = e -'£"=i(V u ?+ m ?- m '>, u = (u u ...,u N ) G R dN . 

Here and in what follows E^[- • •] denotes the expectation with respect to a path mea- 
sure m x starting from x. Let W e s = W e s(xi, = Y2j=i V( x j) + 



x) 



Proposition 3.4 There exists <To > such that for all o~ < o~o, 

(3.9) \\M X )\W < e^ EV+E ^ + < a)) (E* \e-*Rw«&.)4* 

for each X G M dN , where e(cr) > satisfies lim^o e(cr) = 0. 
Proof: See Proposition IC.4I 



1/2 



1$, 



e 



2£W cfi (X s )ds 



1/2 

for 



From Proposition 13.41 it suffices to estimate e^ E +Edia ^~Ep 

the exponential decay of H^^X) || jr. To estimate this we divide W e s into two parts. 
Let 

Br = {x = (xi, ...,x N ) G M dAr ||x| > 2R and min{|xj - Xj\,i ^ j} < \x\/2}. 
Define Vj j00 = V cS 1 Br and V c ff,o = V eS l B o R . Then 

(3-10) w« = v + v£ t0 + v£ iOO . 

By the Riemann Lebesugue lemma lim^i^oo Wtj(x) = 0. Then notice that 

Km (V(x) + V e « (x)) = 0, 

\x\— >oo 

w r I, < « 2 v f h!^M-^L d k 

II Voolloo <Y^J U(k) ^ 
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The Levy measure Vj{dx) = Vj{x)dx associated with the Levy process (X^) t > is given 
by 



(3.11; 



. 4+1 1 

rrij \ 1 



2vr 



\x\ 2 Jo 



We note that u(x) < Ce- c|x| with some constants C,c> 0. 
Proposition 3.5 There exist t] > 0, C\ > and C2 > stzc/j i/iai 



(3.12) 

/or a// a > 0. 
Proof: We see that 

>o 



P° ( sup \X S \ > a J < C ie -""e C2i 

\0<s<« / 



P u ( sup |X a | > a ] = E 

.0<s<t 



suPo< s <t \X s \-a>0 



It is known that E£[e^ sup °<*<* ^] < for sufficiently small < rj |CMS90j . 

Hence the proposition follows. ■ 

We define ® = {X s e B C R for all < s < t}. Since V£ i00 (X a ) = for on 83, we 
have 



(3.13) E^ 



-2f*W eff (Xs)ds 



E 



x 



l«e- 2/ o (y+y off,o)(^H 



+ E 



By the Schwartz inequality 
(3.14) 



E 



A 



< E 



A 



n -4fnV-2 (A s )ds 



1/2 _ 



E 



x 



l^ ce - 4/ o (y+y <=ff.o )(Xs)d ' 



1/2 



We will estimate terms in (13 . 1 3[) and (I3.14p . Set 



W a R (x) = mf{V(y) + V«(y)\\x - y\ < a} 



R 



W£ = M(V(x) + V c l OD (x)). 



Lemma 3.6 Suppose (1) of (EN). Let R > and a > 0. Then for all X e R dN and 
t > it follows that 

(3.15) E^e-^oin^+v^ix^ < e -2tw*(x) + ^-w*^-^ 

where C±, C2 and r\ are given in 
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Proof: Set A = {sup Q<s<t \X s \ < a} C V. Since (X t )t>o under the probability mea- 
sure P x and (X t + X) t > under P° are identically distributed, we have the identity: 



E* 



-2/ '(V(X.)+V* (X s ))ds 



E P 



-2f*(V(X s +X)+VK ^(Xs+X))^ 



Then we have 



E° 



< e 



-2*W«(x) 



E° 



< e~ 2tw *E° P [l Ae ] < e-^-de^V 



l Ae - 2 /o( y (^+ X )+Kl,o (^+^)) ds 

J A ce- 2/ ° (F(Xs+x)+ ^ff.°° (Xs+x))ds 
by Proposition 13.51 Then the lemma follows. 

Lemma 3.7 Let X e R dN and set R=\X\. Then it follows that 
(3.16) E*[l^e- 4 ^iU(^] < e 4||v affl00 || 00 t C r ie c a t e -^ j 

where C±, C<i and rj are given in 

Proof: Since E^[e" 4/ « ^.«( x -) <fa ] < l£[e 4 ll v *.«ll«J? W*-)*], we can see that 

(4||KfT,oo||oc 



n=0 



n! 









■ / ds n E£ 


/o 


Jo 



E* [l^c] + 



cff ,oo oo ; 



n=l 







/ dsi ■ ■ 


■ [ ds n E P 


lo 


Jo 



1^Y[1b r {X s 



i^I[i Br (x + x s 



We see that 
(3.17) 

Ep [l^c] < P°( sup \X S + X\ > 2R) < P°( sup |X S | > 2i?-|X|) = P°( sup \X S \ > R). 

0<s<t 0<s<t 0<s<t 

By the definition of Br in a similar wat to above we have 

E£[ e -4J2VJ 100 (X.)*] 



< P x (^ c ) + V Mj^kl! /" dsr . . f ds n P°(\X Sl +X\> 2R,- ■ , \X Sn +X\> 2R) 

n=l ^ ^ ^ 

< P x (^ c ) + V (4|lKff '7 IU)n f ds 1 ~. f ds n P°(\X Sl I > R, ■ ■ ■ , \X Sn | > R). 

n - Jo Jo 



n=l 



By P°(|X S1 | > R, ■ ■ ■ , |XJ > i?) < P° (sup < s < t |X S | > fl) and Proposition E2J 



we 
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have 

< 



P° f sup \x s \ >r)+Y\ 

\0<s<t J 



(Mm 



eff,oo I OOy 



dsi 



< 



(4|||V, 



efT,oo oo i 



-t n C 1 e C2t e- r,R 



n=0 



ds n P° ( sup \X S \> R 

\0<s<t 



Hence the lemma follows. 



Lemma 3.8 Let ^ a be the infrared regularized ground state. Suppose (1) of (EN) and 
E v + -Ediag < 0. Furthermore we assume that E v + -Ediag + < —7 with some 7 > 
for a < a, where e(<r) is given in Proposition 3.4 Then there exist 5 > and C$ > 
independent of a such that 



(3.18) 



sup ||$ ff p0||* < C 5 e- 5u ^^'^ x \ 

0<a<a 



where t] > is given in Proposition \3.5l 



Proof: We set E = E v + £ d ia g + e{o). It is enough to estimate e 2tE E$ 
by Proposition [331 Recall that W R (x) = mf{W R (y)\\x - y\ < a}. Then 



-2^W eH (X s )ds 



(3.19) 



lim Wjijx) = 0. 



\x\— >oo 



1*1/2 



Hence there exists a positive constant R* such that |H| X//2 (X)| < \E\/2 for all X such 



that \X\ > R*. Suppose that \X\ > R* and let R = \X . We divide W eS as in fl3~TU|) 
for R. We have 



e 2tE E* 



e -f*W cS (X s )ds 



_ e E P 



l^e -2/ o (y+ ^.o )(Xs)ds 



1/2 



1/2 



Two terms Ep 
mated as 



l^ e - 2 /o(^eio)(^)* 



and E£ 



-4/o(v+v;« i0 )(x s )^ 



can be esti- 



(3.20) 
(3.21) 



E* 



E? 



We' 



-*J?(v+v« i0 )(x.)* 



< e -W«(x) + q -UW* e Crt e -r)a 
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by Lemma 13.61 Let us set t = t(X) = e\X\ and a = \X\/2. Then we can see that 
W}^!, 2 (X) — E > —E/2 > 0, since E < by assumption. Hence 

e 1tE E X \ lsge -^Io(y+V^ )(X s )ds'] < e eE\X\ + c ^ e eC 2 \X\-ri\X\/2-2eW£ l \X\ 

Similarly we have 

e 4 *%p \l@e~ A ti {v+v °«>° )( - Xs)ds ] < e" 2e7|x| + C 2 e~ {r > /2+4eW ™ '-^l*!. 
Finally by Lemma 13.71 we have 



e 4tE E* 



< ^7 ie -(4e7-4||y cffi00 || 00 e-C*2e+»7)|X| 



Note that Woo — >■ as \X\ — > oo. Take sufficiently small e > such that r//2 + 
(2Wif 1 - C 2 )e > 0, 77/2 + (4W^ - C 2 )e > and (4 7 - 4||K ff , 00 |U - C 2 )e + 77 > 0, then 
||$<xP0||jr < ^^-^{Ty^Dalxi f u 0W s. Then the lemma is proven. ■ 

Corollary 3.9 Suppose (1) of (EN). Then Ii3.18\) holds for sufficiently small \ol/k\. 

Proof: Notice that E v < £ v + Q(a/ k) — E& mg in Lemma 13.31 Since £ v < and 
lirnt_H) £/ (t) = 0, the corollary follows. ■ 



3.3 Proof of Theorem Q and Theorem |27j2 

3.3.1 Proof of Theorem 12721 

Proof of Theorem \2.2i 

Note that £ v < E v is equivalent to inf a(H^ s ) e adisc(H^ s ). Hence £ v < E v for 
all \a\ > a c . By Lemma [3.11 and the fact that lim t ^ Q(t) = 0, there exists a c (n) > a c 
such that for all a c < \a\ < oc c {k), the stability condition E v < S y holds. Moreover 
uniform exponential decay ^^(a:)!!^ < C^e -5 '^ is shown for sufficiently small \ol/k\ in 
Lemma [3.81 Therefore, by Proposition 12.61 H v has a ground state. ■ 

3.3.2 Proof of Theorem [2731 

Now we show the enhanced binding. It is enough to show £ v < E v , since the uniform 
exponential decay II^Ev^Hjr < Cse~ 5 ^ is established by Proposition 12. 6[ 

Lemma 3.10 Let ^ Cjv but (3 7^ 0. Then there exists a± > such that, for all a 
with \a\ > a\, £° < £ v ((3) + £°((3 C ). In particular £° < E v holds for \a\ > a\. 
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Proof: We have 

S° = a 2 W ij(°) + °(« 2 )> sV (P) = E Wi iW + 0( 

i<j i<3 

Since W^-(O) + Wy(0) < 0, the lemma holds. 



a 2 ) 



i<3 i<3 



To see the enhanced binding we want to investigate the center of motion of h^ s . 
Notice that h® s commutes with the total momentum P tot = Ylj=iPj- Then it can 

be decomposable with respect to the spectrum of P tot . Let % = e txl '*~ , i= aPj , which 
diagonalize P to t as ^P t ot^ _1 = Pi- Hence it also diagonalize h® s , and we obtain that 



(N \ N 
- E^ + E n i(p^ + E a2w ^) + E 
3=2 / 3=2 3>2 2<i<j<N 

N 

Wh^ty- 1 = h° cf{ + V( Xl ) + ^ + Xj ). 

3=2 

Then we have 



(N \ N 
p - 5> + E^fe) +E« 2 ^n + E " 2ll 'v(''' - -o)- 
3=2 / 3=2 j>2 2<i<j<N 

Lemma 3.11 It follows that £° = infcr(/c(0)). 

Proof: Set inf a(k(P)) = E(P) for simplicity. It can be seen in Appendix ID1 that 
(3.22) E(0) < E(P) 

holds for all P, and that E(P) is continuous in P. Then it follows that P$) = 
/ ($(P),fc(P)$(P))dP > P(0)||$f for $ G D(H). Then P(0) < £°. On the 

other hand let us set $ £ = J® d $(P)l m (P)dP. We have ||$J 2 £° < ($ e ,P$e) < 
sup| P | <e P(P) ||$ e || 2 . Take e 1 on both sides we have £° < P(0) + 5 for arbitrary 
<5 > 0, since E(P) is continuous in P. Hence P(0) > £° and then S° = E(0) follows. 
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Lemma 3.12 There exists a2{P) > such that inia(k(P)) G 0di SC (A;(P)) for every 
P G R d for \a\ > a.2(P)- In particular k(0) has a ground state for \a\ > cti with some 
a 2 > 0. 

Proof: Notice that W y (0) < 0, W^x) > W y (0) for i^O, and lim^-Hx, W^x) = 0. 
Set X = (x 2 , • • • ,%n)- Let a = {2, N}. Let {j^j^ca be the Ruelle- Simon partition 
of unity [CFKS871 Definition 3.4], i.e., J^AX)^ ] P (X) for all A > 1, |X| = 1, and 
there exists a constant C > such that suppj/3 fl {X||X| > 1} C {X||X,; — Xj| > 
C|X|for all (ij) £ /?}. We set jp(X) = ^{X/R). Then 

(3.23) k(P) = Ja k(P) 3a + ^2j p k{P)j fi + o(l), 

/3Ca 

where o(l) denotes a bounded operator such that lim^oo ||o(l)|| = 0. We set 
k p = J2( n i(Pj) + a2w ij( x j)) + Yl a2w ij( x i - x i) 

kpc = ^ tojiPj) + a2W ij( X i ~ X j) 

With the identification L 2 (R d ^ N ~^) ^ L 2 (R d ^) ® L 2 (R d ^), we can write 

(3.24) jpk{P)j p = j>fii (^P - Y. p jJ h + M k P ® 1 + 1 ® + ^J'l 



where /g = ^ g o c a PFij(xj) + ^ie/3,j 6 /3c a Wij(xi-Xj). Hence, (I3.23P and f)3.24p imply 
fc(P) > E (k(P))j 2 a + J^jpikp ® 1 + 1 ® fc^c + 1^ + o(l), 

where £"o(^4) denotes the ground state energy of A. Note that j„ and JgjJ are relatively 
compact with respect to k(P). Thus we have 

inf a css (k(P)) > max{E (k $ ) + E (kpc)\P C a}. 

For all /3 C a it holds that 

(3.25) Jim Eo{k j P)) = W,M < £ W^(0) + £ W^O) + £ W«(0) 

_ Pp(^) + p (V) 

a— >-oo (y 2 

Therefore there exist ai(P) such that for all a > a^-P), inf <T e fr(/c(P)) > Eo(k(P)). M 
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Lemma 3.13 Let \a\ > ot2, where ot2 is given in Lemma l3.12l andu a be a normalized 

ground state of k(0). Then |ii Q (x 2 , • • • , x n)\ 2 —> ^(#2) ■ ■ -8(xn) as a — > 00 in the sense 
of distributions. 

Proof: It suffices to show that for all e > 0, 



(3.26) lim / |u a (X)|^ZX = 0, 

where X = (x 2 , • • ■ , %n), since (13.261) implies that 

lim / /(X)K(X)| 2 dX = /(0) 

for all / G C^°(]R^ Ar_1 ^). We write k a (0) to emphasize the a dependence of k(0). Since 
k a {0)/a 2 > J2i<j Wij(0) and lim^ inf a{k a {0))/a 2 = J2i<j W^O), we have ' 

2^ Wij(0) = lim a~ 2 (u a , k a (0)u a ) 

i<j 

> lim inf (u a , ( W V ( x i ) + W v ^ ~ x i ) ) Ua ) - Yl ' 

j>2 2<i<j<N i<j 

Then 

(3.27) J>,,(0) = liminf (u a , (^W^sy) + £ Wyfo - z,-))^ 

i<j j>2 2<i<j<N 



follows. Suppose that c e = liminf / |u Q (X)| X > 0. Then 

'|X|>6 



a— >oo 



liminf / - W 1:j (0))\u a (X)\ 2 dX > c e V sup (Wyfo) - Wij(0)) > 0, 

which contradicts (I3.27p . Therefore (I3.26P holds. ■ 
Proof of Theorem \2.3\ 

First we assume that V G C™(M. d ). It is enough to show £ v < "EX , since the uniform 
exponential decay ||$o-(x)|| < Cse~ s ^ is established in Lemma 13781 for sufficiently small 
\a/n\. Assume \a\ > max{ai,a2} > 0. Let normalized ground state of k(0). 

By Qi(a + b) < \a\ + Q^b) for a,b G E d , we have 



(3.28) ^/i^" 1 < v 73 ^ + fc(0). 

By (2) of (EN), there exists a normalized vector v G C , ^°(IR d ) such that 



(3.29) (v,(V=A + NV)v) < 0. 
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We set • • • , xn) = v(xi)u a (x2, ■ ■ ■ , xjv). Then, by (I3.28|) 

TV 

(3.30) £ v < fyh v eS ty- 1 ^) < (v, (V=A + V)v) +S°+ ^ ^(si + Xj)*). 

i=2 

Let V"" smeared (xi) = / ^(xj + xi)\u a (X.)\ 2 dX.. By Lemma I3.13[ we have 

jRd(N-l) 

lim + = lim (u, V£ meared <u) = (u, Vv) 

a— >oo a— >oo 

and then by (15351) and (I330j) . 

(3.31) S v < (v, (V^A + NV)v) + £° < £° 

follows for a > «3 with some > 0. By this inequality and Lemma f3 . 1 ^ we conclude 
that for a with |a| > a c = max{a 1; a 2 , 03}, — S v > S° — S v > 0. Then the theorem 
follows for V £ C^(R d ). For general V we can prove the theorem by the same limiting 
argument as [HS081 Appendix]. See Appendix IB1 



A Stability conditionrrelativistic version 

In this section we shall prove Proposition 12.61 We only show an outline of the proof. 
The detail is left to the reader. 

A.l Case a > 

Since the scaling parameter k does not play any role in this section we set k = 1. 
Let a > 0. We decompose the single boson Hilbert space into high energy part and 
low energy part as L 2 (R d ) = K >a © JC< a , where /C< CT = L 2 ({k £ R d \oo(k) < a}) and 
K >a = L 2 ({k £ R d \oj(k) > a}). Correspondingly, we have the identification: 

(1.1) ^^^r >(J ®^(/c< CT ), 

where Jrf? >r7 = L 2 (R dN ) £*D J£"(/C >cr ). We define the regularized Hamiltonian by 
(1-2) H^ = H + H ltU . 

Here H\ a is regularized interaction defined by H\ a = J2f=i a j Iu dN 4>j,a{xj)dX, and 



j=i 3 

4>j,a{x) is given by <fij(x) with cutoff Xj(k) replaced by Aj(/c)l aJ (fc)> (T (/c). Then 
approximates H in the following sense: 

Lemma A.l H J converges to H v as a — >■ in the norm resolvent sense. 
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Let El = inf a (Hi) and be a lowest two cluster threshold for Hi, which is defined 
in the same way as E^. From Lemma fA.lt we can show that El and converges to 
E v as T, v as a — > 0, respectively. Therefore for sufficiently small a > 0, it follows that 

(i.3) sr > El. 

Under the identification (11.11) . Hi can be decomposed as 

Since i?f[^-(x;< CT ) has a ground state, H I also may have a ground state if and only if 
Hi \ jtf >iy does. We shall prove the existence of a ground state of H I \jg> a for sufficiently 
small a > in what follows. For a > 0, we truncate u as 




for \k\ > a 
for \k\ < a, 



and we set iff jCr = dr(c t ; -). Then 

with i^o.o- = -ffp <8> 1 + 1 <8> H^ a . We denote the Fourier transformation from L 2 (M.y) to 
L 2 (Mf) by F. We set /C >CT = {/ = F^f G L 2 (R^)\f G /C >(T }. We introduce a notation. 
Let T : JCi — > K2 be a contraction operator from a Hilbert space JCi to another one K^- 
Then we define T(T) = ©^L ® n ^ with £g>°T = 1, which is also a contraction operator 
from &{K X ) to ^(/C 2 ). Let 

Hl = T(F^)Hl\ M> T(F), 

which is defined on Jf >a = L 2 (R dN ) ® &{K >(T ). Let x, X G C 00 ^^) be a cutoff 
function such that xPQ 2 + xPO 2 = 1 with x( x ) = 1 for |X| < 1 and x( x ) = for 
\X\ > 2. Then the following statement holds: For R > 0, we set Xr( x ) = x( x /R)i 
Xr{X) = X (X/R). 

Lemma A. 2 follows that 

Hi = XrHIxr + XrHIxr + 0(R~ l ), 
where 0(R~ l ) is an operator such that ||0(i? _1 )|| < C/R for some constant C > 0. 
Proof: The operator equality 

N N 

(1.4) Hi = XrHIxr + XrHIxr + 5 fyfo)]] + 5 l**> "id* 

i=i j=i 
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holds. By the Fourier transformation, we have 

\Xr, = (27r)-^ 2 / x(Ky K - X/R {^( Pj ) - Ufa - ki/R))dK, 

where K = (k\, - ■ ■ ,k^) G M. dN . By the triangle inequality, we have 

k ■ k- k- 1 

pjipj) -£lj(pj - -p\ =|ll(Pi' m 3)llc* - \\(Pj ~ -^, m j)\\c4\ < ll(^,0)llc* = 

Hence, [xR,flj(pj)} is a bounded operator with the bound 

(1.5) \\[XR,^( Pl )}\\ < ^r dm [ \X(K)\ ■ \kj\dK. 

K J R dN 

Similarly, by noting that 1 — x G C^{R dN ) and [xR,flj(pj)] = [1 — Xr-i ty(Pj)]i we have 
\\[XR,^(PM < ^Y dN/2 I 1(1 ^xXk))\ ■ \k 3 \dK. 

K J R dN 

Then the lemma follows. ■ 

Let j,j G Co°(R d ) be another cutoff function such that j(y) 2 + j(y) 2 = 1 for every 
y G M. d with j(y) = 1 for \y\ < 1 and j(y) = for \y\ > 2. We set jp(y) = j(y/P), 
jp(y) = j{y/P) f° r P > 0. The map 

u P : £ >tJ L 2 (R d ) © L 2 (R d ), f ^ j P f © j P f 

is isometry since \\jpf®]pf\\ 2 = \\f\\ 2 . We note that u* P maps f@g G L 2 (R <i j / )©L 2 (R d y ) 
t° jpf + Jpfi 1 e £ 2 (R d ). The operator 

Up = 1 L 2 (R ^) © r(« P ) : ->• 3fc © ^(L 2 ^)) 

is also an isometry, where J# = L 2 (R dN ) © ^(L 2 (R d )). Let #o,<x = T^-^Ho^F) 
and # f , CT = r(F- 1 )if f , CT r(F). 

Lemma A. 3 For ever?/ a > 0, we nave 

X*#JXi* = XrU* p {HV + H {>a }U PX R + 6(1), 

as operators in J^ >a , where 6(1) denotes an operator such that d(t)(H 0ja + I) -1 is 
bounded and limp^oo lim^oo ||o(1)(Ho,<t + 1) _1 || = 0. 

Proof: First we notice that 

(1.6) U P a*(f)U* P = a*(j P f) © 1 + 1 © a*Qpf), 
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and 

(1.7) U* P {a*(f) ® 1)U P = a*(j P f), U* P (t <g> a*(f))U P = a*(j P f). 

Informally, we can see that 

U* P (H{ :<T ® l + l®Hf t<r )U P 

dy(jp(y)a*(y)u tT (jp(y)a(y))+jp(y)a*(y)u eT (j P (y)a(y)) 



= dT(j P UJ a jp + jpUJaJp) 

= H ijCr + dT(jp[j P , u a ] + jp[j P , vjg]). 

One can rigorously verify this identity in the same way as the proof of Lemma Al in 
|GLL01j . Next we show that both \j P ,cu a ] and [jp,u a ] are bounded. By the Fourier 
transformation we have 

(1.8) \\M-W V ),MV)]\\ < T^m / \j(k)\- sup \u a (k')-u a (k' -k/P)\dk. 

By the definition of bJ a and the triangle inequality, we have 

f \k/P\, if \k'\,\k' + k/P\ >a, 

\cu a (k' + k/P) - u a (k')\ < I life' + k/P\ - a, if jjfe'j < a and \k' + k/P\ > a, 

( \k'\ - a, if \k'\ > a and \k' + k/P\ < a, 

< \k/P\. 

Hence we have the bound 

\\M-iV y ),jp(y)}\\ < U^Y dl2 [ \j(k)\ ■ \k\dk 

and then, for all \P G D(H 0ja ) 

(1.9) || (^ - U* P (H { , a ® 1 + 1 <g> H^)U P )n < (||b'p,^]|| + \\[]p,oo a }\\)\\Nn, 

where N = dT(t) is the boson number operator. Since a > 0, the right-hand side of 
this inequality is bounded by o(P°)\\H {;(T ^\\/a. To completes the proof, we have to 
show that 

(1.10) XrM x j)Xr = XrU^(M x j) ® *)UpXr + o(l). 

But this directly follows from (11. 7p and a > 0. ■ 

Lemma A. 4 We have xrH^xr. — ^ctXk + °(-R°)? where o(R°) is a number such that 
\im R _ oo o{R°)=0. 
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Proof: See jGLLOll Lemma A.l]. 



Proposition A. 5 There exists a ground state of Hi . 
Proof: By Lemma IA.2I and Lemma IA.3| 

Hi = XrU* p {HV + H fia }U PXR + XrHJxr + d(l). 

Since u a > a, we have H{ a > cr(l — Pq), where Pq denotes the orthogonal projection 
on the vacuum space {Cf2}. By this inequality and Lemma IA.4| 

if J > {El + a) X \ + Yy a x\ -K + 6(1), 

where K = ctxrUp (1 <g) Pq)UpXr = x\ ® T(jp). K is relatively compact with respect 
to Yl!j=i ty + Hf.a- Since, by (V), YljLi ^j + H { a is also relatively bounded with respect 
to Hj , K is then relatively compact with respect to Hj. By the definition of 6(1), 
there is a constant C independent of P and R such that 6(1) > —o(t)(Hl + C). Thus, 
we have the operator inequality 

(1 + o{l))Hl - E v a + o(l) — K > axl + (Sr - El)x\ > min{o, - E v a }. 

Since K does not change the essential spectrum of Hi, for all P and R, we have 

(1 + o(l)) inf(a ess (# CT y )) - El + o(l) > min{o-, - E v a }. 

Hence, by ( Q|) . 

inf o-UHl) ~El> min{o-, - E v a } > 0. 

Therefore a (Hi) n [El , El + min{<7, — -E^}) is purely discrete spectrum. In par- 
ticular Hi has a ground state. ■ 

A. 2 Case a = 

Next we prove the existence of ground state of H v . For er > 0, let Q a G J4? be a 
normalized ground state of Hi . Let {o n } be a sequence such that lim^oo a n = and 
$ CTn converges weakly to some vector $ e J^. It is well known in |AH97j that if $ ^ 
then $ is a ground state of H v . In the following we prove that a subsequence of {3>o-}o- 
converges to some non-zero vector $. 

Lemma A. 6 The energy bound sup 0<(7<1 (<J? CT , H <& a ) < oo holds. In addition we sup- 
pose E v < T, v . Then sup 0<cr<1 ($ CT , A r $ (T ) < oo. 
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Proof: The former follows from the definition of and the later from |Ger00t Lemma 
IV2]. ■ 

We denote the set of bounded operator on a Hilbert space K by B{K). For each 
k G R d , let 

N 

Then v(k) G B(L 2 (Rj?)). For each k G E d , we set 

T{k) = (H v - E v + u{k))-\v{k) ® 1^). 

Then T(Jfc) G 5( J^) for every k G M d , T(fc)$) is measurable for all $, * G J^, and 
J Rd dfc < oo. Hence T(-) can be regarded as a vector in the Banach space 

L 2 (R d ;B(J(f)). Since $ ff G D(N^ 2 ), a(k)<$> a is well defined for almost every k G R d . 
Let 0„ s G R d , be the shift on L 2 (R d ; B{J>F)), i.e., for 5 G L 2 (IR a! ; B(«^)), 

(6 s B)(k)=B(k-s), a.e.keR d . 



Lemma A. 7 The map R d 3 s ^ \\9 s Te^ s ^\ 



L 2 {M. d ;B {,??)) 



GR is continuous. 



Proof: Since 9 S is a translation, it is enough to show that ||^ s Te <5 ' :E '|| is continuous at 



s = 0, i.e., Ilfl/Te-^I -Te~ s ^\ 



'1.11) I^Te -51 * 1 - Te _<5|a:| 



< 



L 2 (M d ;S(,ir)) 
llL 2 (R d ;B(Jf)) 



converges to as s — >• 0. We have 



\T(k - s)e~ 5lxl - T(k)e~ 5lxl 



-1 1 1 2 



r |fc|<Ci </|fc|>C 2 -/Ci<|fc|<C 2 

for < Ci < C 2 . For Ci < |&| < C 2 , we write 
T(k - s)e~ s ^ - T(fc) e - 5|x| 

N N _ 1 

= (# y - £ y + ^(A;))- 1 ( + l) ( «j + l) (v(Jfc - s) - v(k))e- s \ x 



3=1 3=1 

+ {H v - E v + u(k))-\H v - E v + u{k - s^vik - s){u{k - s) - u{k))e- & ^. 



Since for all k with C\ < \k\ < C 2 

A 7 " 

(#v _ E v + w (jfe))-i ^ + i 



sup 

Ci<|fc| 



3=1 



< OO, 
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we have 



\T(k - s)e- a|x| - T(k)e 



6\x\\ 



< c 



N 



+ e~ s \ x \v{k - s) -v{k)) 



3=1 



+ C \\e- 5lxl v(k - s)\ 



for some constant C > depending on C\ and C^- Note that ( X^=i^j + J e <5 ' z ' 
is compact. By Proposition IA.8I below, we have 



(1.12) 



lim 

s->0 



Ci<\k\<C 2 



N 



^Qj + lj e- s W(v(k-s)-v(k)) 

3=1 



dk = 0. 



Next we see that 



lim 

s-s>0 



|fc|<Ci 



\T(k - s)e- 5lxl - T(k)e~ 5lxl \\ B{Jf) dk 



< 2 lim 

s->0 



|A(-A;)| 2 |A(-A; + s) 



dk < 4 



|A(-fc)P 

'|fc|<Oi \ N^)! 2 ' \u(-k + s)\ 2 ) - V fe <d 
and the right-hand side above converges to zero as C\ —> 0. Similarly, 



dk. 



(1.13) 



C 2 — »oo s— 5-0 



lim lim / ||T(fc - s)e~ 5N - T(k)e~ 5lxl ||* rffc = 



|fc|>C 2 



Therefore, by combining (II. 12ft - (11.131) . we complete the proof. 



Proposition A.8 |Oer061 proof of Lemma 3.2] Let R d 3 k h-> m(k) G 5(L 2 (R dJV )) be 
a weakly measurable map such that for all < C\ < C2, 



\m 



dN\\ dk < 00, 



'Ci<|fc|<C 2 

and R be a compact operator on L 2 (R dN ). Then for all < C\ < C2, 



lim 

s-s>0 



Ci<|fc|<C 2 



||.R(m(fc - s) - m(k))f B(L2{RdN)) dk = 0. 



Lemma A.9 Let F E Cg°(R d ) 6e a cutoff function with < F < 1, F(s) = 1 /or 
|s| < 1/2, F(s) = for \s\ > 1. Lei Fr = F R (-iV k ) = F(-iV k /R). Then 



(1.14) 



lim sup ($ ff ,dr(l-F fl )$ ff ) = 

i?->00 0<(T<1 
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Proof: It is shown in |Ger00t proof of Proposition IV. 3] that 

lim / \\a(k)$ a -T(k)$ a \fLdk = 0. 



Then 



(^drci-Ffl)^) 



(T(fc)$ CT , (1 - F R )T{k)<$> a )^ dk + o(tr 



where o(cr°) denotes a constant converges to as a — > 0. By Cauchy-Schwarz inequality 
yields that the right-hand side above has the upper bound by 



;i.i5) 



ITI 



1 - F R )T(k)e 



-5\x\\ 



li 2 (R^;B(Jf)) 



\.% J 



01 O 



Note that sup 0<(T<1 ||e <5 ' :E '$ (T ||^r < oo for some 5 > by assumption. By the Fourier 
transformation, we have 



(1.16) 



;i - F R )T{k)e 



-S\x\ I 



\L 2 {R d ;B(je)) 



(2 



7T 



<(2 



7T 



-d/2 



\F(s) 



dsF(s)(l-6_ s/R )T(k)e- s W 
2 ■ - e_ s/R )Te-W 



dk 



B(Jf J ) 



L 2 (M d ;B(je)) 



ds. 



Notice that 



[1 - 6_ s/R )Te 



-S\x\\ 



\L 2 (R d ;B(,Jif)) 



<|F(s)| 2 -2||V^I 



and the right-hand-side above is integrable in s and independent of R. Moreover, 
Lemma I A. 71 implies that the integrand of the last term in (II. 16ft converges to as 
R — > oo. Therefore, by the Lebesgue dominated convergence theorem, (I1.16P converges 
to as R — > oo, and hence (I1.14p holds. ■ 

Proposition A. 10 (Proof of Proposition |2T6|) H has a ground state 

Proof: The proof is parallel with that of [GerOOl Lemma IV. 5]. By (1 — T(F R )) 2 < 
dr(l — F R ) and Lemma [A. 9 1 we have 



;i.i7) 



{l-T(F R ))^\\ <o(R°) + o(a°). 



Let {o~ n }n be the subsequence such that lim^oo a n = and $ = w-lim^oo"!?^. 
By Lemmas IA.6I and 13. 8| (I1.17p . for all e > 0, there exist R > 0, A > 0, n > such 
that for all R > Rq, \q > A and n > n Q , 



[l-x(H <\))®a n \\<e, 
;i- X (|X|<A))$ CT J|< £ , 



[1 - X(N < A))*„J| < e, 
(l-T(F R ))^J<s, 
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where x( s < X) denotes a characteristic function of support {s G WL\s < A}. Note that 
K = x(Hq < \)x(N < X)x(\X\ < X)r(F R ) is a compact operator. For all large R > 0, 
A > 0, we have 

||$|| > \\K$\\ - ||(1 - A')$|| 

> hm \\K<S> a J - \\(1-K)$\\ 

ri— >oo 

> liminf(||$ CT J| - ||(1 - K)* a J) - ||(1 - A)$|| 

n— >oo 

>l-4fi- ||(l-iT)$||. 

Clearly 1 — K strongly converges to when R and A goes to infinity Since e > is 
arbitrary we have ||$|| = 1. Therefore H v has a normalized ground state $. ■ 



B Essential sepectrum 

We give general lemmas given in |HS08] without proofs. 

Lemma B.l Let K e , e > 0, and K be self-adjoint operators on a Hilbert space K. and 
a ess (K e ) = [£ e ,oo). Suppose that \im e ^ K e = K in the uniform resolvent sense, and 
lim^o^e = £■ Then cr css (K) = [£, oo). In particular \im e ^ mf a ess (K t ) = inferos (i^). 

Lemma B.2 Let A be the d- dimensional Laplacian. Assume that V(— A + l)" 1 / 2 is a 
compact operator. Then there exists a sequence {V € } €> o such that V e G Co°(R d ) and 
\im e ^ V e (-A + l)- 1 / 2 = V{-A + 1)~ 1/2 uniformly. 

Set 

w) = -Ev c a?+E^' k v ((3) = h (p) + j2vj 

j&/3 i,jep je/3 

with Vi G L 2 oc (M d ) and Vy G L? oc (M d ) such that ^(-A + l)" 1 / 2 and ^-(-A + 1)~ 1/2 
are compact operators. We define K = ky{C^). Let 

(2.1) E v = min {mia(k (f3)) + mia(k v (f3))} 

be the lowest two cluster threshold of K. 

Lemma B.3 There exist sequences {V^} e , {V^} e C C^°(R d ), i,j = 1, ...,N, such that 
(1) limSy(e) = Hy, (2) liminfcr e s S (-fC(e)) = inf<7 ess (iT), 

where Hy(e) (Vesp. A(e) j «s (Vesp. K) with Vi and Vij replaced by and V$, 
respectively. 
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C Functional integration and energy comparison 
inequality 

In this Appendix we shall show Lemma 13.21 and Proposition 13.41 by functional integra- 
tions. In order to do that we take a Schrodinger representation instead of the Fock 
representation. We quickly review the Schrodinger representation, and refer to see 
[LHBl Chapter 5,6] for the detail. 

Let = S^(R d ) be the set of real- valued Schwartz distributions on Mr. The boson 
Fock space & can be identified with L 2 (J2, fj,) with some Gaussian measure fi such 
that E M [0(/)] = and Ep[</>(f)</>(g)] = §(),#) for f,g G L|(IR d ). Then the scalar field 
operator in & is unitarily equivalent to the Gaussian random variable 4>(f) in L 2 (J2): 




(a*(k)f(-k) + a(k)f(k))dk 



for / G Ll(R d ). Moreover H { can be unitarily transformed to the self-adjoint operator 
in L 2 (=2). We denote it by the same notation, iff. 

Furthermore we need the Euclidean quantum field to construct the functional in- 
tegral representation of the one-parameter semigroup generated by the Nelson Hamil- 
tonian H v . Set £ E = J^(lR d+1 ). Thus L\£ e ,\ie) be the L 2 space endowed with a 
Gaussian measure such that E Mb [0e(F)] = and E MB = \(F, G) L 2^d+iy 

Let j t : L^(]R d ) — > L|(IR d+1 ) be the family of isometries connecting L 2 (£?) and L 2 (£? E ) } 
which satisfies that j*j t = e -l*- s l w (- iV ) for all s,t G M. Let J s = T(j s ) be the second 
quantization of j s . Then J s : L 2 (J3) — > L 2 (^ s ) is also the family of isometries such 
that J*J t = e -l*- s l Hf for all s,t G R. We identify Jt? with the set of L 2 (^)-valued L 2 
function on M dN , f® dN L 2 (=2)<iX, and H v can be expressed as 




in the Schrodinger representation. 

Next we prepare a probabilistic description of the kinetic term H p . Let (X t ) t > = 
(JQ 1 , X^) t > be the IR dAr -valued Levy processes on a probability space (V,B,P X ) 
starting from x = with the characteristic function ( 13. 8ft . Set W(xi, Xn) = 
YljLi V( x j)- Then we have the Feynman-Kac formula: 

(/,e-%)= / E^[/(X )^(X t ) e -/oW(^)^]. 

jR dN 

The functional integral representation of e~ tRV can be obtained in the same way 
as the standard Nelson model [LHBl Section 6]. Only the difference is the process 
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associated with kinetic term. Instead of the Brownian motion the Levy process (X 3 ) t > 
is entered for e~ tHV . The Feynman-Kac type formula of e~ tHV is then given by 



(F, e~ tHl G) 



dxE* 



e-^^^^(J F(X ),e-^^ 1 /o^ 2 ,A J (-x s ), s ) jK2tG(Xi))L2{i?B) 



Next we also consider the Feynman-Kac formula of exp(— te~ lT H v e lT ) . It is give in 
terms of the composition of dN dimensional Brownian motion (Bj, B^) t >o on a 
probability space {C, B, W x ) and N independent subordinators (T 3 ) t >o, j = 1, N, on 
{0.^,13^, n) such that B 3 , has the same distribution of X 3 . Set B Tt = (5L)t>oj=i,..,v- 
We have the proposition below: 

Proposition C.l Let F,G EJtf. Then 

= e tE ^ [ dxE x ^ \ e -fo(w+v eS XB Te) ds (j qF (b To ), e -*- l **(* t ) J KH G{B Tt ) 

Here K t = X^/Li Jo* i^'- 1 ) 2 ~ B 3 s )odB 3 s denotes the L 2 (K d+1 ) -valued stratonovich 
integral and j, Tj -u is some isometries defined by (T 3 ) t > . 

Proof: See [LHBl Section 7] and [HirTTl lffirT2] . ■ 

By using Proposition IC. 1 1 we can compute the scaling limit of e~ lT H v e lT as k — > oo. 
Note that ( Jo&, J K 2t^) Pq<&) & s k — > oo for t ^ 0. Then by the functional integral 

representation Proposition IC.ll we immediately see that 

(3.2) lim (F, e-^^^G) = (F, e-^eV^W ® p uG y 

Since h^ s has a ground state, this suggests that H v also has a ground state for suffi- 
ciently large k. This has been indeed done in Section 3. 

By functional integral representation we have the energy comparison bound. 

Proposition C.2 It follows that mia(H v ) < inia(h^ s ) + -Ediag- 

Proof: By Proposition \UJ\ we have \(F, e~ te ~ lT hV elT G)\ < e tE ^{\F\, e -^ h es+ H ^\G\). 
Then the proposition follows. ■ 

In the same way as Proposition IC.2l but H is replaced by H v ((3) or H°((3) we have 
the lemma below. 

Proposition C.3 (Lemma 13.2ft It follows that 

(3.3) w£a(H*(P)) < m£a{h*(J3)) + £ y || Vv^f, # = 0, V. 
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Next we show Proposition 13.41 We can also construct the functional integral represen- 
tation of e~ tH ° in the quite same as that of e~ tHV . Only the difference is to replace Xj 

With Xj \ w (k)>a- 



Proposition C.4 Proposition \3.4\ follows. 

Proof: Notice that $ CT = e~ t( ~ e lTH v e * T ~ E <r)$> a . Then by Proposition IC. II we can see that 
Thus it is straightforward to see by the Schwartz inequality that 

1/2 



mx)\\,<e*W +E «^ E^ 



'XfJ, 



-2f<W cB (B Ts )ds 



(j\\M J - 



Note that lim^o E% = E . Then the proposition follows, since Bj- t has the same 
distribution with X t . ■ 



D Bound E(0) < E(P) and continuity of E 

We consider a fiber decomposition of the translation invariant relativistic Schrodinger 
operator H p = J2j=i + Kff in L 2 {R dN ). 

For notational convenience and generalizations, we consider the Schrodinger oper- 
ator of the form H p = Y^jLoty + v m L 2 (R d ( N+1 ' ) ), where v = Yj=o v v( x i — x j) an 
we assume that v is relativistic Kato-class. Let X t = (X^) 4 > , j = 0, ...,N, be N + 1 
independent Levy processes with Ep[e m ' x *] = e~ tCl ^ u \ and set X t = (Xf )t>o,j=i,...,iv- 
Let P to t = Y^j=oPj De the total momentum. Then H p commutes with P tot , and then 
H p = J® d k(P)dP, where k{P) is a self-adjoint operator on L 2 (R dN ). Let E(P) = 
Ma(k(P)). 

Theorem D.l (1) E(0) < E(P) for all P e M d . (%) M d 9 P ^ P(P) e Rb 
continuous. 

We shall prove this theorem by making use of a path integral representation. Let us 
set x = (x ,x) eR d x R dN . Let U = Fe ix °^=^ : L 2 (R d ( N+ V) -»■ L 2 (M d ( Ar+1 )) be 
the unitary operator, where P denotes the Fourier transformation with respect to xq 
variable, i.e., Ff(k,x) = {2ix)~ d / 2 j f(x ,x.)e~' lk ' Xo dx . We have 

(P7/)(A;,x) = (27r)^/ 2 ( e~^f{x , x, + x , ■ ■ ■ , x N + x )dx . 



Thus we can directly see that (UPt tU 1 /)(/c,x) — /c/(/c,x). Hence U diagonalize Ptot; 
and thus UHpU' 1 = f Rd k(P)dP. We have 

(4.1) (/, e-*%) L2(RW) = / dxE ( *°' x) tei)^ J « ,(I,)i 



31 



We construct the Feynman-Kac formula of (/, e tk ^g)L 2 (R dN )- Let v — 0. Then 

0=1 ) j=l 

Since E { p' x) [e iX ° {p -^f=^] = e - tn ° (p -^^\ we intuitively see that 

Note that e 1 fz^j=iPj denotes a translation, i.e., 

{e -ixm^ g )(X t ) = g{Xl - XI ■ ■ ■ , X? - 

In the next proposition we see the Feynman-Kac formula with potential. 
Proposition D.2 Let F,G G L 2 (R dN ) and P G R d . Then 

(4.2) (F,e- tk ^G) L i (RdN) = [ dxE[?' x) [F(^e-/o-(^)^e^ -( p -^iP J )G(X,; 
Proof: Let £ G M d . First we see that 

(4.3) (/, e- tH »e*- p «*g) L2{Rm) = / dPe^ p (f(P), e - tk ^g(P)) LH 

JR d 

where 

/(P) = (f//)(P,x) = (27r)- d / 2 / e" iP - x /(X,a; 1 +X,--- ,^ + X)dX, 



and g(P) is similarly given. Now we put / = f s = p s <S> F and g = g r = p r <E> G, where 
F,G G ^(M 3JV ) and p s (X) = (27rs)- d exp(-|X| 2 /(2s)) is the heat kernel. Note that 
f s — >■ 5(x ) <8> F as s | 0. We have 



lim / rfPe^ p (/ s (P),e-* fc ( p ^ r (P)) L2(Rd ,v 
= (27r)" d / 2 f dPe^ p (F,e- tHP) g r (P)) L 2 

JR d 



The right hand side above is the inverse Fourier transform of the function h : P — > 

( F;e -*fc(P)^( P )) and 



(4.4) Mmh(P) = (F,e- k ^G) L2(RdN) (2ny d / 2 . 
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On the other hand the left hand side of (14.31) can be represented by the Feynman-Kac 

formula: 

(4.5) 



(f s ,e- m ^- p ^g r ) 



dxE 



(a:o,x) 



f s (X )e-to^ ds g r (X? + e, • • • , X? + 



Taking s J, 0, we have 



/ 

J m d(N+l) 



dxE 



(x ,x) 



f s (X )e- /o < x ^g r {X Q t + £, ■ ■ • , X? + 



->■ E 



(0,0) 



/ rfxF(x)e" £ ^+(o,x))^ x o + ^ x i + £ 



The right hand side is the function with respect to £. We take the Fourier transform 
with respect to £. Then 



E 



(0,0) 



J«. dN 

x (27r)- d / 2 / ^ e -^,(^° + e, x, 1 + e + 



xi, • • • ,Xf + £ + xat 



Take r | 0. We have 



E? 0) 



/ dxF(x)e" $ «(^+(o,x))d. e «o.p G ( X i _ x o + ^ . . . 5 x v _ x o + x ^ 

JRdN 



--E 



(0,x) 



d*F(X )e 



r o v{x s )ds p ix°{p-^ =1 Pj) 



>G(X t 



Comparing (I4.4p with the right hand side above, we conclude the theorem for F,G G 5? . 
By a limiting argument the theorem is valid for all f,gE L 2 (R dN ). ■ 

Proof of Theorem \D.1\ By Lemma ID. 21 we have 



(4.6) |(/,e- ifc ^)|< 



dxE 



(0,x) 



\f(Xo)\e-f> (x ° )ds \e-^?^g(X t ) 



Since e - iX °^^ is the shift operator, \e~ iX °-^^ g(X t )\ < e- iX °^=^\g{X t )\ fol- 
lows. Then we obtain \(f,e~ tk ^g)\ < (|/|, e~ tk ^ \g\) which yields (1). 

Next we show (2). By Feynman Kac formula it is immediate to see that 

(F, (e~ tk ^ - e-' fc ( Q ))G) 



/ dxE^ F^Q)e-ti v ^ ds e- iX !^ p i ( i e ie d9) C 

JR dN \ Jx?-Q J 
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Then 

\(F,(e-*W-e-*W)G)\ ^ , „ ^ (0 ,x) r , v0l2 ^ 2 C v(x „ )ds ,\ W 

\\ F \\\\G\\ 

Since v is relativistic kato class, 



<|P-Q| SUp te' X) [|X°|V 2 ^o^) rfs 
xeR dJV V 



sup 4°' x >[|X°|V 2 ^*->*]< sup E?' x) [|X t °| 4 ] 1/2 sup fc' x) [e" 4 ^ »(*•)*]) 1/2 

<oo. 

Then we conclude that e~ tk ^ uniformly converges to e~ tk ^ as \P — Q\ — > 0. Then 
(2) follows. ■ 
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